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TABLE2: Elemental Analyses (%)
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Com- Calculated

Found

) Mole
pound C H N P C H N P wt Remarks
I 36.97 5.49 19.90 36.88 5.60 19.75 422.35 1H,0
11 38.46 6.24 17.94 6.61 38.61 6.25 17.85 6.31 468.42 2H,0
I 27.92 3.01 13.96 5.14 27.80 3.05 14.00 5.24 602.21 2Na*
v 19.55 2.81 9.77 19.34 2.92 9.76 860.20 4Na* 3H,0
v 41.53 7.21 13.36 41.47 7.09 13.20 838.72 2TEA* 2H,0
VI 50.25 8.84 15.13 49.98 8.91 15.20 740.87 2TEA* 2H,0
VII 28.37 4.39 10.45 11.55 28.40 4.40 10.50 11.60 804.44 4Na* 3H,0
VI 41.15 6.63 17.28 41.08 6.57 17.37 729.68 2NH4+ 4H,0
IX 43.03 6.67 17.37 43.27 6.78 17.32 725.69 2NH4+ 3H,0
X 42.79 6.92 16.64 42.59 6.95 16.78 757.73 ZNH“+ 4H,0
X1 36.49 6.85 22.53 36.41 6.83 22.37 559.52 2NH4+ 2H,0
XII 37.69 7.03 21.98 37.47 7.12 21.86 573.55 2NH4+ 2H,0
XIII 38.84 7.21 21.46 38.69 7.18 21.40 587.58 ZNH4+ 2H,0
X1v 28.54 5.39 11.65 3.68 28.46 5.44 10.50 3.29 841.48 2Na* 8H,0
XV 31.47 4.90 12.23 31.23 4.88 12.21 801.44 2Na* 4H,0
XVI 24.68 3.62 10.07 24.53 3.58 9.99 973.35 4Na* 3H,0
XVI 27.02 3.35 10.51 9.96 27.05 3.38 10.54 9.93 933.34 4Na*
iodoacetate to N®-aminoacyl derivatives of AMP was carried 309-333.

out without difficulty, and the paper chromatogram was
developed in solvent system C (see Table 1) and the band at R
0.37-0.38 was further eluted with water at 4°C.

Elemental analyses for the Compound II, III, VII, XIV, and
XVII were performed by Galbraith Labs, Inc., Organic
Microanalyses, Knoxville, TN, U.S.A., and others were deter-
mined with C, H & N Analyzer, Hewlett Packard, Model
185B.

The fractional collections were used with Fractomette Alpha
200 Fraction collector (Buchler) 115V 60HZ, 3m/ per min.,
and collected 12m/ per each tube.
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The molar volumes and the isothermal compressibilities of solid krypton and xenon are calculated using the vacancies-in-
solid model. The central pairwise additive (Mie-Lennard-Jones 12,6) potential in a uniform potential field is used. The results
are compared with the other theoretical results and the available experimental values.

Introduction

The equation of state of rare gas solids has been studied by a
number of workers. Most theoretical studies'® on thermo-
dynamic properties of rare gas solids have been done for
perfect crystals. Among these, Born’, Horton® and Cupta®
have derived an equation of state of the rare gas solids
applying a two-body central force and a harmonic lattice
vibration to the perfect crystal structure. Their results are all
in good agreement with observed data at very low temper-
atures (7<6,/5). However a large discrepancy between
theoretical and experimental data is generally observed at
high temperatures (726,/2) and it becomes larger with in-
creasing temperatures. Zucker'® studied theoretically the
thermodynamic properties of solid argon using an Einstein
model modified to include anharmonic effects. The anhar-
monic Finstein model for solid argon gives better agreement
with experiment at low temperatures, but generally a large
discrepancy between the anharmonic values and the observed
values is observed at higher temperatures. For 720°K the
Helmholtz free energy of a real crystal has a minimum for
the arrangement where a certain fraction of the lattice sites
are unfilled. From the differences!’?® between the bulk
properties and the X-ray data of vacancy-free crystals it is
found that the dominant thermal defect in close packed
crystals is the atomic vacancy. The bulk properties of rare
gas solids have been compared with the X-ray data. The
mole fractions of vacancies, and enthalpies and entropies of
vacancy formation for solid neon, argon and krypton have
. been estimated from the analyses of bulk properties and X-ray
data. Hall*' and Kanzaki® theoretically studied the enthalpy
of formation of vacancy. In view of the above, we think it is
worthwhile to investigate the vacancy defect effects on
the thermodynamic properties of the monatomic crystals
by considering lattice vacancy defects in the canonical ensem-
ble partition function. Such a study will furnish a useful infor-
mation about the crystal structure for these solids. In earlier
papers®>»?* we have derived a solid partition function for
monatomic crystals, taking account of lattice vacancy defects
and two maximum phonon frequencies for perfect crystals,
and studied the vapor pressures of solid argon and xenon,
using a Mie-Lennard-Jones 12,6 potential in a uniform poten-
tial field. In this paper we have used the same vacan-
cies-in-solid model to the molar volumes and isothermal com-
pressibilities of solid krypton and xenon which have the small
effect of the zero-point vibration energy on their crystalline
physical properties. And also, we have discussed the method
of determination of the potential parameters in our calcu-
lations. Finally, we have evaluated our theoretical molar
volumes and isothermal compressibilities from 0°K to the
triple point, and compared our results with other theoretical
calculations and the available experimental data.

Theory

According to the vacancies-in-solid model,??* the can-
nonical ensemble partition function Q(N, V, T,) for the
monatomic crystals is

QY1) = (a0, TP Nlagm, 1) N EE TR )

with
x=V,/V

where x is a probability that a central atom finds atoms at
its first neighboring coordination sites. ¥, ¥, N and N, are
the molar volume at 0 °K, the molar volume at a given temper-
ature, the number of atoms, and the number of vacancies,
respectively. ¢ (1, 7) is the molecular partition function
assigned to the atom surrounded entirely by atoms with the
maximum probability finding atoms, and gfm, 7), assigned
to the atom with the minimum probability. Therefore we
may consider the solid partition function as consisting of x
mole fraction of perfect crystal-like part and (1-x) mole
fraction of imperfect crystal-like part together with a con-
figurational part. The molecular partition function for the
perfect crystal-like part is as follows:

6. by -32
q (1, T) = (2sinh——. 2 sinh —) exp ( -¢_/kT)

2T 2T ¢
where 6y, is the Debye temperature, and f, is given in order
of (4/7) ). ¢ is the static potential energy per atom of the
perfect crystal-like part. Since an imperfect crystal-like part
contains lattice vacancies within it, an imperfect oscillator
shall be able to make either an atom-vacancy link or atom-
atom link, each corresponding to 3~ or «-state. Thus the im-
perfect oscillator exists in either state of the two. On the basis
of the ordinary statistical expression for isomeric degenerate
state, the partition function B(m, 7) of an imperfect oscil-
lator is expressed in terms of the sum of the partition function
of a-state and -state imperfect oscillator as follows:

gm, T)=gq,(1, T) + qfx, T)

The partition function of the imperfect oscillator in «-state
(q,) may be approximately equalized to that of a perfect
oscillator.

9,1, T)=q(, T)

On the contrary, the imperfect oscillator in [-state makes
an atom-vacancy link due to the presence of a vacancy next
to itself, hence it has only lower frequency and higher po-
tential energy that those of the perfect oscillator. Therefore
the partition function of the imperfect oscillator in B-state, g,
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is given as follows:

0. -3
qﬁ x, T)=g, [ 2sinhg] exp (-¢ /kT)

g, is assigned to a positional degeneracy factor related to the
number and kinds of vacancies and the geometric structure
of a crystal. In the case of vacancy defect crystals. The number
of lattice vacancy is so small as to make it improbable that
two vacancies on the average occupy neighbouring sites, so
that it is natural for us to assume only existence of a mono-
vacancy around a given central atom. g, is assumed to be
equal to 1. ¢, is the static potential energy of B-oscillator.
We assume that perfect oscillators are subjected to the Mie-
Lennard-Jones 12,6 potential in the uniform field strength.
Thereby, the static potential energy ¢, of perfect oscillators
will be given by the following expression.

- (x)=-N@, (x)=U, + D, [ 2 (2,/2)° - (a,/a)"? ]
= U, + D, (2x* -x*)

with
x = (g,/a)° =V IV

where @, and @ are the equilibrium distances between two
atoms at 0°K and a given temperature, respectively. U, is
the minimum potential energy in the uniform potential
strength, and D, is the dissociation energy required to separate
stable atomic pairs far apart to infinitive distance in the
uniform field. The potential energy of an imperfect oscillator
in 3-state is assumed to be given as follows:

¢ﬁ=¢c t €

where ¢, is the difference of the static potential energy per
atom between the perfect oscillator and an imperfect oscillator

in B-state.
Then
E, = Ng,
and
Ey=-(P-0y

The Helmholtz free energy of a crystal is given as
A=- q)c + Adeg. + Aconf. + Avibr.
where each term is given as

= 2 __4
-® =U, +D, (2x* -x )

Adeg, =_RT (l_x) in (l +A) with 4= qﬁlqa
Agp = KT In [ (N +Np)1/NINy!]
0 0
3 . c . 8]
=2 — h—
Ay, = RT In (2sinh — = 2 sinho )
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where @ is the static lattice energy, A ,,; A4, and A, are
called configurational, degenerate and vibrational Helmholtz
free energy, respectively. The thermodynamic pressure (P) of a
crystal is equal to the negative isothermal volume derivative
of the Helmholtz free energy A. Hence, the equation of state,

which connects the state parameters, P, V and T of a solid,
is

P(V,T) =P (V) +P e (V,T) + Pygg (V, T) + Py (V. T)
3)

where each term is given as follows.
Py (V)=-(4D,/T) (1 -x*)x*

P (V,T) = -lt/_T[ 1n (1-x)/x]

RT
Peg. (v, T) 27 [xIn(1+4)]

where P, P P

sl.* < conf.? deg.

and P, are called static, configu-
rational, degenerate and vibrational pressure, respectively,
and the vibrational pressure is assumed to be negligible, i.e.
the vibrational frequency is assumed to be independent on
the volume of a crystal. Isothermal compressibility (x;) was

found using the relation.
Vxr=kTV (32 InQ/3V?)
The following expression are obtained
=20V + 2eone (T V) + 24, (T, V)
here

4D,

(5x? - 3) x3]

1 RT
X~ )

0 RT

RT
X deg.= 1/(7) [2x? 1n (1 + 4)]
0

RT
X conf. = 1/ (7) [ x/ (1-x)]
0

where ¥ x.ons, and ., are called static lattice, configurational
and degenerate isothermal compressibility, respectively.

Results

Parameters of the Mie-Lennard-Jones potential, we make
use of the Mie-Lennard-Jones potential (12, 6 potential) in
the uniform field strength. The potential parameters D, and
U, are determined by solving the equation of state for the
solid and the equation of sublimation pressure, using the
observed triple point properties, i.e. the triple point temper-
ature, the sublimation pressure and the molar volume at triple
point, and the molar volume at 0 °K, and the Debye temper-
ature. We have recent crystal data for the determinations of
potential parameters. The observed crystal data for xenon
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and krypton have been taken from the review book of Klein.5
The used experimental input data and the obtained potential
parameters thus are presented in Tablel. In Tablel, E; are
obtained by using the Debye temperature and the triple point
temperature from the following condition of fusion; At triple
point temperature, the probabilities of imperfect oscillator,
either in a-state or in B-state, are equal i.e., ¢, =g,

TABLE 1: Experimental Input Data for Potential Parameter Determi-

nations and Potential Parameters Estimated

Input date Kr Xe

Thermodynamic Debye temperature (°K) 637 55¢

115,763 161.39%

547.59  612.2¢
30.0139  38.59°
27.098¢ 34,749

Triple point temperature (°K)
Sublimation pressure at triple point (torr)
Molar volume at triple point (cc/mole)

Molar volume at 0 °K (cc/mole)

Parameters estimated

c (°K) 36 31

E, (cal/mole) 195.96  277.35

D, (cal/mole) 1225.1 1661.2
1605.8  2268.5

U, (cal/mole)

9Ref. 3, Dref. 26, Cref. 30, ref. 6.
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Figure 1. Molar volume-temperature curve for solid krypton.

2640

Crosses: obtained from X-ray measurements by Losee et a.'%¢. Open
circles: bulk data of Korpiun et al/. 2, Squares: theoretical values of

Gupta et af.?
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Molar Volumes. The equation of state for the solid is re-
arranged to evaluate molar volumes at a series of temperatures
as follows

1
4D,/RT =[1/x* (1-x*)][ -—1n (1-x) + 1n (1 +4) - PV/RT]
X

By a trial and error method, we may obtain the y(7) values for
given temperatures, then a molar volume (V) for a given
temperature is estimated from the molar volume (¥,) at 0°K
since (T)=V,/ V.

Thus the calculated results of molar volumes for krypton are
shown in Figurel along with recent experimental data for
comparison, and for xenon in Figure2. The experimental
molar volumes for krypton are taken from X-ray measure-
ments of Losee et al.'* at T<80°K and the bulk data of
Korpiun er al.?’ at T>>80 °K. The observed molar volumes for
xenon have been taken from X-ray measurements of Sears
et al.®% at T<120°K, and pycnometric measurements of
Gavrilko et al.’® at T>>120 °K. The experimental error of bulk
data has been given to be +5 percent. The theoretical molar
volumes of Gupta et al.® for krypton and xenon are also given
in Figure 1 and 2 for comparison.

Isothermal Compressibility. In calculations of isothermal
compressibility, the value of the molar volume found already
were used. The calculated results for solid krypton and xenon

Molar volume(cm mole)

3|

L L

20 40 60 80 100 120 140 160
Temperature( K)
Figure2. Molar volume-temperature for solid xenon. Crosses:

obtained from X-ray measurements by Sears et a/.22% Open
circles: obtained from pycnometric measurements by Gavrilko

et /.. Squares: theoretical vaiues of Gupta et a/.%
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are presented in Figures 3 and 4 along with observed values
for comparison, respectively. Korpiun et a/.” have measured
isothermal compressibility with the optical dilatometer from
4.2°K to 115 °K in solid krypton while Losee et al.!4-3! have
measured isothermal compressibility using the X-ray diffrac-
tion technique. Swenson et al.?53* have measured isothermal
compressibility with piston displacement method from 0°K
to the triple point in solid xenon while Bezuglyi er a/.>* have
measured isothermal compressibility with the ultrasonic
velocity measurements. Error of X-ray isothermal com-
pressibility for krypton was estimated to be 1% at 4°K,
rising to *3 % at 78 °K, to #5% at T=90°K, and to about
+10% at higher temperatures. But the error in the optical
dilatometer measurements was estimated to be less than *1
percent. For the piston displacement isothermal compressi-
bility of xenon, error was estimated to range from £6 % at
202K to £13% at 150°K. The theoretical isothermal com-
pressibilities of Barron and Klein* for krypton and xenon
are also given in Figures 3 and 4 for comparison.

Discussions

The X-ray diffraction method and the bulk method have

L ,.

w0

[s

2

Isothermal compressibility (10 'cm/dyne )

~2

[s]

(4]
T
&

£~
T
°

w
hd
.
LY
°
°
o
°

A 1 L 1 1 1

200 40 60 80 100 120
Temperature( K)

Figure3. Isothermal Compressibilities for solid Krypton. Open

circles: obtained from the optical dilatometer by Korpiun et al?
Crosses: X-ray data by Losee et al e Triangles: theoretical

values of Barron et a3
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been applied in determining the molar volumes of solids. At
higher temperatures, i.e. T>70°K for Kr and 7 >120°K
for Xe, recrystallization effects enlarged the grains and the
line structure on the photographic plates became spotty. It
is difficult, therefore, to use X~ray diffraction methods in the
higher temperature region. The bulk method is preferably
used in determining the molar volumes in the higher temper-
ature region. The results of both measurements agree in the
lower temperature region, i.e. at 7<80°K for krypton and
at T<120°K for xenon within experimental errors. But bulk
density is somewhat less than X-ray density at 7<80°K for
Kr, and at T<120°K for xenon, and decreases more rapidly
with temperature than X-ray density o,. It should be noted
that the bulk density measurements are especially sensitive
to crystal defects and X-ray measurements give the X-ray
densities of vacancy-free crystal. The difference between
both density may be only explained by the thermal creation
of vacancies. If the crystal contains N, vacancies and N atoms,
and each vacancy occupies a lattice site, the following relation
is given between the bulk volume (density) ¥ and the X-ray
volume (density) V,

Nh X

= = =C )
N+ I\h A\ oy

The equation (5) is the essence of the methods of determin-
ing the mole fraction (c¢) of vacancy at a given temperature,
and only useful when the solid contains a high concentration
of vacancies. Using the equation (5), vacancy mole fraction

S

w

Isothermal compressibility( 10 emZdyne)

i L A

. n e
20 40 60 80 100 120 140 160

Temperature (K )
Figure4. Isothermal compressibilities for solid xenon. +: obtained
from the ultrasonic velocity measurements of Bezuglyi et a. 33 Crosses
and rhombohedra: obtained from the piston displacement method

of Swenson et a/.?>32 Squares: theoretical values of Barron et al ¥
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measurements were available only for krypton near triple
point, but not available for xenon, but it is found that the
relative volume differences always yield positive values in spite
of any aggregation of the vacancies into divacancies, trivacan-
cies, erc. for rare gas solids. A typical value of the vacancy
mole fraction for solid neon, argon, krypton, and xenon is
found to be in order of about 10~? near the triple point$,
consequently 2 and P, would have to be measured to an
accuracy of £0.01 percent if the vacancy mole fraction is to
be determined to an accuracy of about *10percent. This
requirement of a very high accuracy is a serious limitation of
the vacancy mole fraction measurements. Of the two densites
P, has been determined with the error of about £0.005 percent,
but the inherent uncertainties in bulk-density determinations
are from 0.1 to 0.05percent.! Therefore the experimental
separation of vacancy contribution on the molar volume is
quite difficult because of the experimental inaccuracy of
bulk data and only limits on vacancy concentration can be
set near the triple point. According to our theory, the vacancy
mole fraction is given by the following expression, because
the mole fraction of imperfect atoms is given by (1-x) and each
central atom is supposed to link itself to only one mono-
vacancy occuping one of Z coordination sites.

C=——— )

Then the equilibrium mole fraction of monovacancy is
thermodynamically related to the Gibbs free energy (g) for
monovacancy formation by the following expression

c= o BIKT Sk e—h/kT )
where 4 and s are the enthalpy and entropy of monovacancy
formation. Using equations (6) and (7), the monovacancy
mole fraction, and the enthalpy and the entropy of mono-
vacancy formation were calculated near triple point and are
presented in Table 2. Losee ef al.'** published a direct deter-
minations of vacancy mole fraction and the enthalpy and
the entropy of vacancy formation in krypton by comparing
bulk length measurements with X-ray lattice parameter
measurements, and their experimental results of analysis are
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as shown in Table 2. Enthalpies of vacancy formation were
obtained by Glyde* from the calculations which include the
zero-point energy, pair relaxation and the many-body
dipole-dipole contribution for perfect crystals. The estimated
enthalpy of monovacancy formation is in good agreement
with the experimental value within experimental error.
Calculated enthalpies of our present theory are more con-
sistent with observed values than other theory. The experi-
mental values of the entropy of monovacancy formation are
subject to large uncertainties due to the fact that they are
obtained by a long extrapolation of the graphs. Our calculated
entropy for monovacancy formation fall nearly within the
limits set by the experimental values. This fact seems to ex-
plain the validity of our theory. As shown in Figures 1 and 2,
it is not surprising that the theoretical and the experimental
molar volumes agree at 0°K and triple point because the
molar volumes at 0 °K and triple point are used in determining
potential parameters. Triple point is in fact the only fixed
point in determining potential parameters. The observed
molar volumes are the bulk volumes near the triple point, i.e.
at 7>70°K for Kr and at 7>>120°K for Xe. Our estimated
molar volumes closely approach bulk molar volumes with
approaching the triple point, but with decreasing temperatures
deviate more from observed volumes. Bulk volume is larger
than X-ray volume in the higher temperature range. It can be
seen that our theoretical molar volumes are somewhat higher
than observed bulk volumes between 0°K and triple point.
Our results of molar volumes show a maximum discrepancy
near about T<7,/2. The maximum relative discrepancy of
the molar volumes for the krypton and xenon is 1.7 and 1.5 %,
respectively. But the present molar volumes calculated are in
good agreement with observed values within experimental
error. As shown in Figures 3 and 4, the present theoretical
isothermal compressibilities of both krypton and xenon are
higher than the observed values at the triple point by about
10percent, but the triple point this difference is within
experimental error. A more large discrepancy exists with
decreasing temperatures. The large discrepancy at lower
temperatures is considered to be due to an oversimplified
model for the potential. As also seen in Figures 1, 2, 3 and 4,
theoretical molar volumes of Gupta et @/, and isothermal

TABLE 2: The Monovacancy Mole Fraction at Triple Point and the Enthalpy and the Entropy of Monovacancy Formation near Triple Point

Cx10° slk hlk
Our theory Experimental Our theory Experimental Our theory Experimental Other theory
Kr 8.1 3.2° 3.8 2.0 +1.0¢ 896101
-0.5
2.9% 2.8 +0.8° 998 999+101% 12379
-0.9
3.0£0.5¢ 1070495°¢
Xe 8.4 3.7 1368 12487 17667

9Ref. 14, Dref. 27b, Cref. 27a, dref.
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compressibilities of Barron er al.3* show somewhat better
than our theory at low temperatures (7<7 /2), but becomes
by far worse than our theory with increasing temperatures.
Gupta et al. calculated molar volumes on the basis of perfect
crystal structure with (exp. 6) potential and an Einstein
approximation of lattice vibration. Barron and Klein iso-
thermal compressibilities on the basis of an anharmonic
model with central interatomic forces (6-12 all neighbor
potential model). Such a large discrepancy on Gupta’s and
Barron’s values shows a general tendency to be found in all
the theoretical values computed on the basis of perfect crystal
structure. Perhaps this will be arised from the fact that they
have taken no account of lattice vacancy in contrast with
our present theory. While the present calculations show an
agreement with the experimental results at temperatures
approaching the triple point, there is greater discrepancy with
decreasing temperature. At the higher temperatures, these
agreement between theoretical and experimental data may
be interpreted as justifying our present theory. The greater
discrepancy at lower temperatures may be due to an over-
simplified model for the potential of interaction among the
atoms in the crystals, an overestimation of the configurational
factor, and an ignorance of the volume dependence on the
Debye temperature.

Conclusions

From the above discussions, we may say that the main
frame of our present theory is at least in a right sign and a
right magnitude. Thus we may deduce some conclusion from
our present results as follows.

1. Although a perfect crystal exists at considerably low
temperatures, it is required that the complete discription of
solid state takes account of the presence of vacancy defects,
since it has been found from our present theory that the
present theoretical molar volumes of solid krypton and xenon
are in good agreement with observed values within experi-
mental error. This fact is also supported by analysis of
experimental heat capacity’® and density.!'-2

2. Ordinary equation of state of the solid based upon
standard lattice theories involve pressures expressed in terms
of the sum of the static pressure and vibrational pressure
which is ignored by our model. Our model, however, indicates
that the contribution of the configurational and isomeric
degenerate pressure are more of importance, at least, near
triple point rather than that of vibrational pressure, since,
in spite of the fact that the vibrational pressure was neglected,
theoretical estimates of solid volumes are in good agreement
with observed data within experimental error.

3. The magnitude of anharmonicity contribution on
thermodynamic properties is not as great as what other
workers have mentioned.
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